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ABSTRACT
Many complex social and biological interactions can be represented
as graphs. Often such interaction networks also come with countvalued side-information that influence these interactions. Similarly,
in applications like recommender systems, the count-valued rating
matrix, capturing the interaction between users and items, may also
be associated with auxiliary information in the form of a social network of users, which can conveniently be represented as a binary
matrix. Jointly modeling both the primary as well as side information can result in better predictive performance. This paper introduces one such model, Joint Gamma Process Poisson Factorization
(J-GPPF), which jointly models a binary symmetric interaction matrix B and a count matrix Y. The model discovers the ideal number
of latent factors for modeling both B and Y from the data itself and
outperforms strong baselines that do not use the side-information at
all. We derive closed form updates for Gibbs sampling and predict
the missing values in both B and Y in a mathematically consistent
way.
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ter modeling of both B and Y when either of these matrices lacks
sufficient information.
This paper proposes Joint Gamma Process Poisson Factorization
(J-GPPF), to jointly factorize B and Y in a nonparametric Bayesian
manner. The paper makes the following contributions:
• We present a fast and effective model that uses both B and Y to
help discover better network structures and cater better recommendation.
• We perform nonparametric Bayesian modeling for discovering
latent structures in both B and Y and predict on missing entries in
both B and Y.
• Our model scales with the number of non-zero entries SB in the
network and the number of non-zero entries SY in the count matrix as O (SB KB + SY KY ), where KB is the number of network
groups and KY is the number of latent factors in the count matrix,
preset at a high value while performing nonparametric modeling.
The remainder of the paper is organized as follows. We present
background material in Section 2. J-GPPF and its inference algorithm are explained in Section 3. The related works are presented in
Section 4. Experimental results are reported in Section 5, followed
by conclusions and scope of future work in Section 6.

INTRODUCTION

Social networks and other relational datasets can conveniently
be represented using a binary symmetric adjacency matrix B ∈
{0, 1}N ×N . Often, the nodes in such datasets are also associated
with “side information”, such as documents read or written, movies
rated, or messages sent by these nodes, all of which can be represented as count-valued side information matrix Y ∈ ZD×V , where
Z = {0, 1, . . .}. For example, B may represent a coauthor network
and Y may correspond to a document-by-word count matrix representing the documents written by all these authors. In another example, B may represent a user-by-user social network and Y may
represent a user-by-item rating matrix. In this particular setting,
B can be considered as “side information" and used for modeling
Y better. Incorporating such side information can result in bet-
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2.
2.1

BACKGROUND
Negative Binomial Distribution

The definition of the negative binomial (NB) distribution is given
in [1]. Here we introduce a few relevant lemmas which we use to
derive the Gibbs sampling updates in Section 3.
Lemma 2.1 ([31]). If m ∼ NB(r, p) is represented under its compound Poisson representation, then the conditional posterior of l
given m and r has PMF:
Gam(r)
|s(m, j)|rj , j = 0, 1, · · · , m,
Gam(m + r)
(1)
where |s(m, j)| are unsigned Stirling numbers of the first kind. We
denote this conditional posterior as (l|m, r) ∼ CRT(m, r), a Chinese restaurant table
P (CRT) count random variable, which can be
generated via l = m
n=1 zn , zn ∼ Bernoulli(r/(n − 1 + r)).
PK
Lemma 2.2. Let X =
k=1 xk , xk ∼ Pois(ζk ) ∀k, and ζ =
PK
k=1 ζk . If (y1 , · · · , yK |X) ∼ Mult(X, ζ1 /ζ, · · · , ζK /ζ) and
X ∼ Pois(ζ), then the following holds:
Pr(l = j|m, r) =

P (X, x1 , · · · , xK ) = P (X, y1 , · · · , yK ).

(2)

Lemma
2.3. If xi ∼ Pois(mi λ),
P
P λ ∼ Gam(r,
P 1/c), then x =
x
∼
NB(r,
p),
where
p
=
(
m
)/(c
+
i
i
i
i
i mi ).
Lemma 2.4. If xi ∼ Pois(mi λ), λ ∼ Gam(r, 1/c), then
!
X
1
P
(λ|{xi }, r, c) ∼ Gam r +
xi ,
.
c + i mi
i

(3)

Lemma 2.5. If ri ∼ Gam(ai , 1/b) ∀i, b ∼ Gam(c, 1/d), then we
have:
!
X
1
(b|{ri , ai }, c, d) ∼ Gam
ai + c, P
. (4)
i ri + d
i
The proofs of Lemmas 2.3, 2.4 and 2.5 follow from the definitions of Gamma, Poisson and Negative Binomial distributions.
Lemma 2.6. If xi ∼ Pois(mi r2 ), r2 ∼ Gam(r1 , 1/d), r1 ∼
Gam(a, 1/b), , then (r1 |−)
P ∼ Gam(a + `,
P1/(b − log(1P− p)))
where (`|x, r1 ) ∼ CRT( i xi , r1 ), p =
i mi /(d +
i mi ).
The proof and illustration can be found in Section 3.3 of [1].

2.2

Gamma Process

For non-parametric modeling, we employ Gamma processes, a
detailed description of which is provided in [1; 11; 28].

3.

JOINT GAMMA PROCESS POISSON
FACTORIZATION (J-GPPF)

Let there be a network of N users encoded in an N × N binary matrix B. The users in the network participate in writing D
documents summarized in a D × V count matrix Y , where V is
the size of the vocabulary. Additionally, a binary matrix Z of dimension D × N can also be maintained, where the unity entries
in each column indicate the set of documents in which the corresponding user contributes. In applications where B represents a
user-by-user social network and Y represents a user-by-item rating matrix, Z turns out to be an N -dimensional identity matrix and
hence can be considered as a special case of the document-author
framework, which we pursue to describe the model. Also, to make
the notations more explicit, the variables associated with the side
information have Y as a subscript (e.g., GY ) and those associated
with the network make similar use of the subscript B (e.g., GB ).
We employ two separate Gamma Processes. The first one models
the latent factors in the network. A draw from this
Gamma Process
P∞
GB ∼ ΓP(cB , HB ) is expressed as GB =
kB =1 ρkB δφkB ,
where φkB ∈ ΩB is an atom drawn from an N -dimensional base
Q
distribution as φkB ∼ N
n=1 Gam(aB , 1/σn ) and ρkB = GB (φkB )
is the associated weight. The second Gamma Process models the
latent groups of side information. A draw from this
P∞gamma process
GY ∼ ΓP(cY , HY ) is expressed as GY =
kY =1 rkY δβ kY ,
where β kY ∈ ΩY is an atom drawn from a V -dimensional base
Q
distribution as β kY ∼ Vw=1 Gam(ξY , 1/ζw ) and rkY = GY (β kY )
is the associated weight. Also, γB = HB (ΩB ) is defined as
the mass parameter corresponding to the base measure HB and
γY = HY (ΩY ) is defined as the mass parameter corresponding
to the base measure HY . The (n, m)th entry in the matrix B is
assumed to be derived from a latent count as:
X
bnm = I{xnm ≥1} , xnm ∼ Pois (λnm ) , λnm =
λnmkB ,
kB

where λnmkB = ρkB φnkB φmkB . This is called as the PoissonBernoulli (PoBe) link in [1; 30]. The distribution of bnm given
λnm is named as the Poisson-Bernoulli distribution, with the PMF:
f (bnm |λnm ) = e−λnm (1−bnm ) (1 − e−λnm )bnm .

One may consider λnmkB as the strength of mutual latent community membership between nodes n and m in the network for latent
community kB , and λnm as the interaction strength aggregating all
possible community membership. Using Lemma
2.2, one may augP
ment the above representation as xnm = kB xnmkB , xnmkB ∼
Pois (λnmkB ). Thus each interaction pattern contributes a count
and the total latent count aggregates the countably infinite interaction patters. Unlike the usual approach that links the binary observations to latent Gaussian random variables with a logistic or probit
function, the above approach links the binary observations to Poisson random variables, providing several potential advantages. First,
it is more interpretable because ρkB and φkB are non-negative and
the aggregation of different interaction patterns increases the probability of establishing a link between two nodes. Second, the computational benefit is significant since the computational complexity
is approximately linear in the number of non-zeros SB in the observed binary adjacency matrix B.
To model the matrix Y , its (d, w)th entry ydw is generated as:


X
X
ydw ∼ Pois(ζdw ), ζdw = 
ζY dwkY +
ζBdwkB  ,
kY

kB

where ζY dwkY = rkY θdkY βwkY , Znd ∈ {0, 1} and Znd = 1 if
and only
Pif author n isone of the authors of paper d and ζBdwkB =
ρkB
n Znd φnkB ψwkB . One can consider ζdw as the affinity of document d for word w, This affinity is influenced by two
different components, one of which comes from the network modeling. Without the contribution from network modeling, the joint
model reduces to a gamma process Poisson matrix factorization
model, in which
in such a way that
P the matrix Y is factorized

ydw ∼ Pois
. Here, Θ ∈ RD×∞
is the
+
kY rkY θdkY βwkY
factor score matrix, β ∈ RV+ ×∞ is the factor loading matrix (or
th
factor. The numdictionary) and rkY signifies the weight of the kY
ber of latent factors, possibly smaller than both D and V , would be
inferred from the data.
In the proposed joint model, Y is also determined by the users
participating in writing the dth document. We assume that the distribution over word counts for a document is a function of both
its topic distribution as well as the characteristics of the users associated with it. In the author-document framework, the authors
employ different writing styles and have expertise in different domains. In the user-rating framework, the entries in Y are also believed to be influenced by the interaction network of the users. Such
influence of the authors is modeled by the interaction of the authors
×∞
in the latent communities via the latent factors φ ∈ RN
and
+
V ×∞
ψ ∈ R+
, which encodes the writing style of the authors belonging to different latent communities. Since an infinite number
of network communities is maintained, each entry ydw is assumed
to come from an infinite dimensional interaction. ρkB signifies the
th
interaction strength corresponding to the kB
network community.
The contributions of the interaction from all the authors participating in a given document are accumulated to produce the total
contribution from the networks in generating ydw . Since B and Y
might have different levels of sparsity and the range of integers in
Y can be quite large, a parameter  is required to balance the contribution of the network communities in dictating the structure of
Y. A low value of  forces disjoint modeling of B and Y, while
a higher value implies joint modeling of B and Y where information can flow both ways, from network discovery to topic discovery
and vice-versa. To complete the generative process, we put Gamma
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Table 1: Gibbs sampling updates in J-GPPF
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Table 2: Sampling of φnkB , ψwkB , ρkB in J-GPPF with missing entries
priors over cB , cY , σn , ςd and  as:

Sampling of (ydwk )k : Again, following Lemma 2.2, we have:


KB
Y
(7)
(ydwkY )K
kY =1 , (ydnwkB )kB =1,n∈Zd |− ∼
!
{ζdwkY }kY , {ζdnwkB }n∈Zd ,kB
P
P
Mult ydw , P
.
n∈Zd
kB ζdnwkB
kY ζdwkY +

cB ∼ Gam(gB , 1/hB ), cY ∼ Gam(gY , 1/hY ),
 ∼ Gam(g0 , 1/f0 ),
σn ∼ Gam(αB , 1/εB ), ςd ∼ Gam(αY , 1/εY ).

3.1

Inference via Gibbs Sampling
Though J-GPPF supports countably infinite number of latent communities for network modeling and infinite number of latent factors for topic modeling, in practice it is impossible to instantiate all of them. We consider a finite approximation of the infinite model by truncating the number of graph communities and
the latent topics to KB and KY respectively, by letting ρkB ∼
Gam(γB /KB , 1/cB ) and rkY ∼ Gam(γY /KY , 1/cY ). Such
approximation approaches the original infinite model as both KB
and KY approach infinity.
B
Sampling of (xnmkB )K
kB =1 : First, the total latent count corresponding to the non-zero entries can be derived as:


KB
X
(xnm |−) ∼ bnm Pois+ 
λnmkB  .
(5)
kB =1

Sampling of φnkB , ψwkB , ρkB , θdkY , βwkY , rkY and  : Sampling of these parameters follow from Lemma 2.4 and are given
in Table 1. The sampling of parameters φnkB and ρkB exhibits
how information from the count matrix Y influences the discovery
of the latent network structure. The latent counts from Y impact
the shape parameters for both the posterior gamma distribution of
φnkB and ρkB , while Z influences the corresponding scale parameters.
Sampling of σn , ςd , , ζw , ηw , cB and cY : Sampling of these
parameters follow from Lemma 2.5 and are given in Table 1.
Sampling of γB : Using Lemma 2.2, one can show that x..kB ∼
Pois(ρkB ). Integrating ρkB and using Lemma 2.4, one can have
x..kB ∼ NB(γB , pB ), where pB = 1/(cB + 1). Similarly,
y..kB ∼ Pois(ρkB ) and after integrating ρkB and using Lemma
2.4, we have y..kB ∼ NB(γB , pB ). We now augment lkB ∼
CRT(x..kB + y..kB , γB ) and then following Lemma 2.6 sample:


X
−1
(γB |−) ∼ Gam eB +
lkB , (fB − qB )  ,
(8)

After which, following Lemma 2.2 one can derive:
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Sampling of γY : Using Lemma 2.2, one can show that y..(KB +kY ) ∼
P
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Table 3: Sampling of θdkY , βwkY , rkY in J-GPPF with missing entries

bnm = I{xnm ≥1} , xnm ∼ Pois 

∞
X





λnmkB ,

ydw ∼ Pois 

kB =1

rkB ∼ Gam(γB /KB , 1/cB ), φkB ∼

γB

QN

n=1

Gam(aB , 1/σn ),

θ kY ∼

kY

where qY =

3.2

kY

log (cY /(cY + θ.kY )) /KY .

Gibbs Sampling for J-GPPF with Missing
Entries

Parameters whose update get affected in presence of missing entires are ρkB , φnkB , ψwkB , rkY , θdkY , βwkY . Sampling of these
parameters follow from Lemma 2.4 and are given in Table 2 and 3.
Here MB and MY denote the set of missing entries in B and Y
respectively.

3.3

Special cases: Network Only GPPF (NGPPF) and Corpus Only GPPF (C-GPPF)

A special case of J-GPPF appears when only the binary matrix
B is modeled without the auxiliary matrix Y . The update equations of variables corresponding to N-GPPF can be obtained with
Z = 0. Another special case of J-GPPF appears when only the
count matrix Y is modeled without using the contribution from the
network matrix B. The generative model of N-GPPF and C-GPPF
are given in Table 4 and 5 respectively.

3.4

Computation Complexity

The Gibbs sampling updates of J-GPPF can be calculated in
O(KB SB + (KB + KY )SY + N KB + DKY + V (KB + KY ))
time, where SB is the number of non-zero entries in B and SY is
the number of non-zero entries in Y . It is obvious that for large
matrices the computation is primarily of the order of KB SB +
(KB + KY )SY . Such complexity is a huge saving when compared to other methods like MMSB [2], that only models B and
incurs computation cost of O(N 2 KB ); and standard matrix factorization approaches [25] that work with the matrix Y and incur
O(DV KY ) computation cost. Interestingly, the inference in [13]
incurs cost O(KY2 D + KY V + KY SY ) with KY signifying the

rkY θdkY βwkY ,

QD

d=1

Gam(aY , 1/ςd ), β kY ∼

QV

w=1

Gam(ξY , 1/ζw ),

ςd ∼ Gam(α, 1/ε), rkY ∼ Gam(γY /KY , 1/cY ),
γY Y ∼ Gam(eY , 1/fY ), cY ∼ Gam(gY , 1/hY ).

Table 4: Generative Process of N-GPPF

P



kY =1

σn ∼ Gam(αB , 1/εB ),
∼ Gam(eB , 1/fB ), cB ∼ Gam(gB , 1/hB ),

Pois(rkY ) and after integrating rkY and using Lemma 2.4, we
have y..(KB +kY ) ∼ NB(γY , pY ), where pY = 1/(cY + 1). We
now augment mkY ∼ CRT(y..(KB +kY ) , γY ) and then following
Lemma 2.6 sample:


X
−1
(γY |−) ∼ Gam eY +
mkY , (fY − qY )  , (9)

∞
X

Table 5: Generative Process of C-GPPF
termination point of stick breaking construction in their model. CGPPF incurs computation cost O(DKY + KY SY + V KY ), an
apparent improvement over that of [13].

4.

RELATED WORK

The Infinite Relational Model (IRM [14]) allows for multiple
types of relations between entities in a network and an infinite number of clusters, but restricts these entities to belong to only one
cluster. The Mixed Membership Stochastic Blockmodel (MMSB
[2]) assumes that each node in the network can exhibit a mixture of
communities but the computational complexity of the underlying
inference mechanism is O(N 2 ). Such quadratic computation complexity is also a problem with many other existing latent variable
network models, such as the latent feature relational model [21] and
its max margin version [34], and the infinite latent attribute model
[23]. Some of the existing approaches handle sparsity in real-world
networks by using some auxiliary information [16; 20; 29]. Recommender system and text mining researchers, in contrast, tend to
take an orthogonal approach. In recommender systems [9; 17], Y
may represent a user-by-item rating matrix and the objective in this
setting is to predict the missing entries in Y, and the social network
matrix B plays a secondary role in providing auxiliary information
to facilitate this task [17]. Similarly, in the text mining community, many existing models [4; 19; 22; 27] use the network information or other forms of side information to improve the discovery
of “topics" from the document-by-word matrix Y. The matrix B
can represent, for example, the interaction network of authors participating in writing the documents. The Relational Topic Model
[10] discovers links between documents based on their topic distributions, obtained through unsupervised exploration. The AuthorTopic framework (AT [24]) and the Author-Recipient-Topic model
(ART [19]) jointly model documents along with the authors of the
documents. Block-LDA [4], on the other hand, provides a generative model for the links between authors and recipients in addition to documents. J-GPPF differs from these existing approaches
in mathematical formulation, including more effective modeling of
both sparsity and the dependence between network interactions and
side information.
A large number of discrete latent variable models for count matrix factorization can be united under Poisson factor analysis (PFA)

[33], which factorizes a count matrix Y ∈ ZD×V under the Poisson likelihood as Y ∼ Pois(ΦΘ), where Φ ∈ RD×K
is the factor
+
loading matrix or dictionary, Θ ∈ RK×V
is
the
factor
score ma+
trix. A wide variety of algorithms, such as non-negative matrix
factorization [8; 15], gamma-Poisson model [7; 26], LDA [6], and
gamma-NB processes [32; 33], although constructed with different
motivations and for distinct problems, can all be viewed as PFA
with different prior distributions imposed on Φ and Θ. J-GPPF
models both Y and B using Poisson factorization. As discussed
in [1], Poisson factorization has several practical advantages over
other factorization methods that use Gaussian assumptions (e.g. in
[17]). First, zero-valued observations could be efficiently processed
during inference, so the model can readily accommodate large,
sparse datasets. Second, Poisson factorization is a natural representation of count data. The collaborative topic Poisson factorization (CTPF) framework proposed in [12] solves a different problem
where the objective is to recommend articles to users of similar interest. CTPF is a parametric model and variational approximation
is adopted to solve the inference. Although both models make use
of Poisson factorization to infer low-rank matrices in order to recommend items to users, J-GPPF is a fundamentally different model.
As recently summarized in [5], there are many useful approaches
for employing social side information to improve recommendation.
For example, in both [3; 18], the authors define a dependence for
item recommendations based on each node’s neighbors or community. J-GPPF is a joint model of both the social network and the
item ratings, and solves for the latent space factorization of each,
and missing elements of each, simultaneously. In addition to this
innovation, model inference scales with the number of observed elements in each matrix and the number of latent groups, not the full
dimension of each matrix.

5.

EXPERIMENTAL RESULTS

5.1

NIPS Authorship Network

This dataset contains a list of all papers and authors from NIPS
1988 to 2003. We took the 234 authors who had published with the
most other people and looked at their co-authorship information.
After standard pre-processing and removing words that appear less
than 50 times in the over-all corpus corresponding to these users,
the number of users in the graph who write at least one document,
is 225 and the total number of unique words is 1354. The total
number of documents is 1165.

5.2

GoodReads Data

Using the Goodreads API, we collect a base set of users with
recent activity on the website. For each user in the base set, the
user’s friends as well as friends of friends on the site are collected
(two hops in the graph). This process is repeated over a 24−hour
time period, with a new base set constructed each time (i.e. friends
are not polled recursively). By running for a full day, multiple time
zones are covered and the reviews are collected for all identified
users, with a maximum of 200 reviews per user. Each review consists of a book ID and a rating from 0 to 5. Similar dataset has
also been used in [9]. After standard pre-processing and removing words that appear less than 10 times in the over-all corpus, the
number of users in the graph is 84 and the total number of unique
words is 189.

5.3

Experimental Setup and Results

In all the experiments, we initialize  to 2 and let the sampler
decide what value works best for joint modeling. We use KB =
KY = 50 and initialize all the hyper-parameters to 1. In the first set

of experiments, for each dataset, we hold out data from B only and
ran 20 different experiments and display the mean AUC and one
standard error. In this setup, we consider N-GPPF, the infinite relational model (IRM) of [14] and the Mixed Membership Stochastic
Block Model (MMSB) [2] as the baseline algorithms. Fig. 1 and 2
demonstrate the performances of the models in predicting the heldout data. J-GPPF clearly has advantage over other network-only
models when the network is sparse enough and the auxiliary information is sufficiently strong. However, all methods fail when the
sparsity increases beyond a certain point. The performance of JGPPF also drops below the performances of network-only models
in highly sparse networks, as the sampler faces additional difficulty
in extracting information from both B and Y.
In the second set of experiments, we hold out data from Y only
and run 20 different experiments and display the precision@top20 for J-GPPF. This evaluation is structured along the lines of the
work in [13]. We calculate the intersection of the top 20 predicted
set of words (arranged in the decreasing order of counts) and the
top 20 words in a document and divide the number by 20 to get
the precision for each document. We then calculate mean average
precision (MAP) by taking the average of the precision over all the
documents. C-GPPF and the hierarchical Poisson matrix factorization (HPMF) [13] are considered as the baselines, both of which
model only Y. Fig. 3 and 4 show that B helps in boosting the
predictive performance in J-GPPF over a wide range of fractions of
the data that is held out from Y.

6.

CONCLUSION

We propose J-GPPF that jointly factorizes the network adjacency
matrix and the associated side information that can be represented
as a count matrix. The model has the advantage of representing
true sparsity in B, Y and in latent group membership. We derived
an efficient MCMC inference method, and compared our approach
to several popular baselines that either work on B or Y.
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